Abstract. Let p be an odd prime and S a finite set of places containing p and ∞, let q be a power of p and W (F q ) the Witt-vector ring with residue field F q . We are interested in the problem of lifting a two dimensional Galois representationρ : G Q,S → GL 2 (F q ) to a Hida Family and the description of the arbitrary weight deformation rings. This was achieved for an odd, ordinary and absolutely irreducibleρ by Khare and Ramakrishna in [3] through an adaptation of Ramakrishna's deformation technique. In this paper we generalize their results to the reducible case and show that under natural conditions, on a suitably chosen category, the deformation functor can be arranged to have a hull isomorphic to (a rank 2 representation over) a power-series ring in one variable W (F q )[|U |] and we provide a description of the image the weight space map.
Introduction
Let p be an odd prime and q a power of p. Let N be an integer coprime to p and let f ∈ S k (Γ 0 (Np)) be an eigenform with weight k ≥ 2 which is ordinary at p. Hida showed that such an eigenform f may be p adically interpolated into a family of eigenforms, all ordinary at p and giving rise to the same mod p Galois representation as f . Such a family is called the Hida-family of f .
A Hida-family is packaged into a Galois representation, we shall adopt this perspective in the paper. For us, a Hida family refers to an irreducible component T of the Hecke algebra of tame level N, with its induced algebra structure over the Iwasawa algebra Λ.
Attached to the ordinary at p cusp form f is its Galois representation
where F is the p adic field spanned by the coefficients of f and O F its ring of integers. The Hida-family T coincides with a Galois representation
which induces ρ f on composition and f corresponds to a map T → O F . Fix an odd Galois representationρ
unramified outside finitely many rational primes S containing the prime p. In [3] it is shown that ifρ is irreducible, a finite set of auxiliary primes X may be chosen such that the map to the X-new deformation ring R inducing the map to weight space, could be controlled. We examine if for reducibleρ, there are natural conditions a similar result could be arrived at.
In [1] the problem of lifting a reducibleρ to a modular Galois representation is examined. It is shown in [1] that under some natural conditions, the set of primes S may be enlarged by a finite auxiliary set X disjoint from S, so that the mod p representationρ lifts to a characteristic zero representation ρ : G Q,S∪X → GL 2 (W (F q )) which is geometric in the sense of Fontaine and Mazur. By the main theorem of [5] ρ is modular. Furthermore, their method shows that there exists a modular lift for any fixed weight in an open index subgroup of Λ. Unlike in the irreducibleρ case an analogue of the Theorem of [3] in which it is shown that the weight-space map SpecΛ → T is an isomorphism is not known in the case whenρ is reducible. In this paper we show that a certain adapted deformation functor with auxiliary local conditions has a hull isomorphic to a power series ring W (F q ) [|U|] . In doing so we will prescribe a deformationρ : G Q → GL 2 (W (F q ) [|U|] ) which shall induce all other deformations in the image of our adapted deformation functor, though not uniquely.
Let Q(µ p ∞ ) denote the infinite extension of Q obtained by adjoining all p-power roots of unity. The cyclotomic character χ induces an isomorphism
Let γ denote the distinguished element for which χ(γ) = 1 + p. The map to weight space Λ := W (F q )[|T |] is a homomorphism of W (F q )-algebras
which takes T + 1 to the determinant detρ(γ). We associate to any deformation ρ f ofρ induced by f ∈ Hom(W (F q )[|U|], R) its weight Wt * ρ f ∈ Hom(Λ, R). We remark that the homorphisms are taken in a suitable category C f of coefficient rings which we will proceed to describe. We observe that since γ may be identified with T + 1 ∈ Λ, det ρ f (γ) = Wt * ρ f (T + 1).
We have a description for the map Wt in Theorem 1.2. The construction of Hamblen and Ramakrishna involves a local-global argument, in which for each prime v ∈ S ∪ X local deformation conditions forρ ↾Gv are described. The deformation conditions at the primes v ∈ S are taken to be those described in [4] , however, in [1] there are some new auxiliary conditions D v at v ∈ X are introduced which are versal but not universal. The situation in [4] differs from that of the residually reducible case examined in [1] , in that in the residually reducible case local deformations from GL 2 (W (F q )/p k ) to GL 2 (W (F q )/p k+1 ) satisfying prescribed liftable deformation conditions are stabilized by large enough tangent spaces only for k ≥ 3.
The functor of global deformations associated with these conditions is not known to have been described by an explicit universal deformation ring. This leads to a few complications in producing arbitrary weight lifts to Hida families. In this paper we introduce some natural conditions under which we can exhibit a versal deformation ofρ to the Iwasawa algebra Λ.
We introduce some of our conditions onρ and the set of primes S and terminology to prepare us for the statement of the main theorem.
• At every place l denote by G l := Gal(Q l /Q l ), choosing an inclusion ofQ intoQ l , we identify G l with a choice of a decomposition subgroup of l in G Q .
• Let Adρ denote the F q vector space of 2 × 2 matrices over F q on which G Q,S acts via the adjoint action.
• Let Ad 0ρ be the F q [G Q,S ] submodule of trace zero matrices in Adρ.
• Let U ⊂ Ad 0ρ be the subspace of upper triangular matrices a b 0 −a and U 0 ⊂ U the space of strictly upper triangular matrices 0 b 0 0 . Both U and U 0 are Galois stable and U/U 0 ≃ F q is a trivial Galois module.
• In this paper we fix a choice of a deformation ofρ
which is irreducible as a Galois representation and lifts to
The set of places Z is a finite set of places that contains S. The existence of ρ 2 is established in [1, Proposition 42 ].
• Let C f denote the full-subcategory of finite length coefficient rings R over W (F q ) with maximal ideal m R for which p / ∈ m 2 R . This category is defined by choosing a certain sub-collection of objects from the the category C f and for every pair of objects A and B chosen, requiring that the collection of all morphisms between A and B are in the subcategory.
Objects of C f consist of pairs (R, φ R ) where R is a finite length W (F q )-algebra with maximal ideal m R and φ R is a choice of an isomorphism φ :
We make a note of the fact that F q is a coefficient ring which is excluded from C f .
• For a finite set of places Y containing Z and a set of local liftable deformation problems
be the functor of deformations ofρ which are unramified outside the set of places Y and inC v at all places v ∈ Y .
• Let R ∈ C f with maximal ideal m R and structure map
R ) be the map induced from the structure map which realizes R as a W (F q )-algebra.
• For R ∈ C f , let ρ 2,R denote the pushforward of ρ 2 by the map str R ρ 2,R :
• Let ρ 1 and ρ 2 ofρ be lifts ofρ which are strictly equivalent, or in other words, they are the same deformation.
• In this paper we are interested in the question of the representability of a certain natural subfunctor Def * Φ which we proceed to define. For
That Def * Φ is a functor follows from the requirement that the maps in C f are W (F q )-algebra homomorphisms. 
ofρ which is irreducible (as a rank 2 Galois module) and lifts to a deformation 
) and such that for R ∈ C f , the induced map
is surjective. 
is a congruence class of weights modulo p 2 .
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The Setup
We consider a reducible representationρ : G Q,S → GL 2 (F q ) satisfying the conditions of Theorem 1.1 unramified outside the finite set of primes S.
Letχ denote the p adic cyclotomic character and χ its mod p reduction. Let us recall that we have assumed thatρ is ordinary at p.
There an integer k with 2 ≤ k ≤ p − 1 for which
We refer to k mod p − 1 as the weight ofρ. Such Galois representations may arise from normalized Hecke-eigenforms which are ordinary at p. When k = 2 the Galois representation on the p torsion of an elliptic curve which is ordinary at p is a candidate forρ provided it is reducible and satisfies the conditions of the Theorem 1.1. Hamblen and Ramakrishna [1] show that such a representationρ is modular if it satisfies some further mild hypotheses. We study the ordinary deformation problem ofρ for which the weight of our deformations is not fixed (fixing the weight in deformations corresponds to fixing the determinant).
In this section we describe some of the local deformation conditions at auxiliary primes. Further at primes v ∈ S we prescribe a local deformation conditionC v parametrizing local deformations ofρ ↾Gv of arbitrary weight. At all primes v = p these local deformation conditionsC v are obtained from deformation conditions C v in which the weight is fixed. For v = p, the arbitrary weight conditionC v and the fixed weight condition C v are related so that elements ofC v are obtained from unramified central twists of elements of C v . At p however C p will consist of the ordinary at p deformation condition of fixed weight andC p will be strictly larger than the deformations obtained from C p through unramfied central twists.
We shall always require that deformation conditionsC v are liftable. However these deformation conditions are not required be universal. The fixed weight and arbitrary weight versal deformation problems to R ∈ C f are stabilized by subspaces
respectively in a suitable sense which is further detailed in Proposition 3.6.
The following standard fact is noted in [3, Fact 5] and proceeds from the discussion on local deformation conditions in [4] . 
be the subspace of upper triangular matrices,
and let U 0 ⊂ U be those that are strictly upper triangular
The spaces U 0 and U are Galois submodules of Ad 0ρ . The tangent spaces N v for v ∈ S are given by
Thus at v = p the condition C p is specified as the ordinary fixed weight deformation condition. Let M be an F q [G Q,S ]-module, and Z a finite set of places containing S.
denote the annihilator under the perfect local pairing,
The Selmer group associated with the Selmer condition
The Proposition below is due to Wiles and follows from the Poitou-Tate long exact sequence for finite modules M.
Proposition 2.3. Suppose M is an F q [G Q,S ] module with finite cardinality, the dimensions of the Selmer and dual Selmer groups are related as follows
Fixing smooth deformation conditions C v at primes v ∈ S with tangent spaces N v , we define deformation conditionsC v for the full adjoint corresponding to local deformations of ρ ↾Gv for which the determinant (and hence weight) is not fixed.
We are required to extend S to a larger finite set Z before auxiliary primes are introduced. This is done in order so that certain X 1 groups vanish, we shall describe this enlargement in greater detail. We impose the same deformation conditions (C v ,Ñ v ) on primes v ∈ Z as those in S.
In Section 3 we shall extend the Selmer condition on Z denoted by N Z := {N v } v∈Z to Z ∪ X where X is an auxiliary set of primes disjoint from Z. The construction holds for auxiliary primes with very special properties. The conditions on these primes are adjustments on those imposed on the auxiliary primes used in [1] which Hamblen and Ramakrishna call trivial primes.
One feature of the deformation condition at a prime v ∈ X is that it comes with amplified and unmodified tangent spaces which we proceed to describe in Section 3. We distinguish between amplified and dimished tangent spaces and their associated Selmer conditions in the case in which the weight of our deformations remain fixed;
It follows from Wiles' Formula in Proposition 2.3 that
• To distinguish the amplified tangent condition to one which is not modified, we have what we call the unmodified tangent condition
It follows from Wiles' Formula that dim
Given a Selmer class M = {M v } v∈Z for which M v = N v for all v ∈ S as above, define local conditions for the full adjoint as in [3, Definition 8] which we reiterate here.
Definition 2.4.
(1) For v = p, letÑ v be the direct sum of N v with the unramified central twists
and letC v consist of all unramified central twists of C v . The full adjoint deformation condition associated with the unmodified Selmer condition M v is denoted byM v and is defined in the same waỹ
(2) For v = p, the tangent spaceÑ p contains the direct sum of 
as the choice of tangent space at p.
LetŨ denote the Galois stable space of upper triangular matrices a b 0 d , we have that
) has no fixed points for the action of G p and hence H 1 nr (G p , Adρ/Ũ) = 0. Consequently,Ñ p may be identified with the subspacẽ
let π 1 and π 2 denote the projection maps to H 1 (G p , U) and H 1 (G p , F q · Id) respectively. The map on restriction π ′ 1 = π 1 ↾Ñp induces an exact sequence.
Proposition 2.5. The map on restriction
Proof. As noted earlier,Ñ p is identified with the subspacẽ
. This shows that the sequence is exact in the middle. The map on the left is clearly injective. We prove that the map π
. It suffices to show that there exists an element
We observe that the composite of the inclusion of F q · Id intoŨ with the quotientŨ → U /W is an isomorphism of G p modules (both spaces are fixed by G p ). We simply take f 1 to coincide with f modulo W w.r.t this isomorphism. This completes the proof.
We are able to compute the dimension ofÑ p .
Proposition 2.6. For the dimension of H
1 (G p , U) we are to consider two cases
Consequently, dimension ofÑ p is
Proof. We will make use of the cohomology sequence associated with the short exact sequence
From the isomorphism U 0 ≃ F q (ϕ) and the fact that ϕ ↾Gp = 1,χ
From the Euler characteristic formula we have that
From the long exact sequence, we have the following formula for the dimension of
. 
Condition 4 requires that
ϕ ↾Ip = χ k−1 ↾Ip where 2 ≤ k ≤ p − 1. We first enumerate the possibilities which arise when k ≥ 3. Proposition 2.7. Suppose the weight k = 1, 2 so that 3 ≤ k ≤ p − 1 and if k = p − 1 by the requirement of condition 5, ϕ ↾Gp =χ −1 ↾Gp . Let τ =dimÑ p = 4, dim H 0 (G p , Adρ) = 2, or,(2)dimÑ p = 3, dim H 0 (G p , Adρ) = 1.
Proof. (of Part 1)
There is an unramified character η :
↾Gp . It follows from the assumptions on k and ϕ that the characters τ, τχ ↾Gp and τχ −1 ↾Gp are all nontrivial. In both cases we compare the ordinary deformation problem to the upper triangular deformation problem. Observe that Adρ/Ũ can be identified with F q (τ −1 ). Since τ = 1, we have that H 1 nr (G p , Adρ/Ũ ) = 0 and consequentlỹ
where we recall that W ⊂Ũ consists of matrices * * 0 0 .
In both casesC p can be derived from the upper triangular deformation problem by imposing the condition that a generator of Gal(Q cyc /Q) ≃ Z p maps to an upper triangular matrix for which the lower right entry is trivial.
In the first case
An application of the Euler Characteristic Formula shows that
Consequently, the deformation ring of unrestricted upper triangular deformations ofρ ↾Gp is a power series ring in five variables. The relation imposed for a deformation to be ordinary comes from setting the ramified part of the lower right entry when evaluated at a topological generator of the cyclotomic extension of Q p . This restriction cuts down dimension of the tangent space by one and corresponds to going modulo one of the variables in the tangent space. We can take this to be a variable in a power series ring in five variables and so the quotient is a power series ring in four variables, in particular the deformation ring is smooth.
Proof. (of Part 2)
Since the diagonal characters ofŨ * are nontrivial and consequently H 2 (G p ,Ũ) = 0. Since we are assuming thatρ ↾Gp is indecomposable dim H 0 (G p ,Ũ ) = 2. From the Euler characteristic formula it follows that dim H 1 (G p ,Ũ) = 4. The rest follows just as in part 1.
The proof of Proposition 2.7 is more or less the same as the first two cases outlined in [3, Proposition 11], in which k is prescribed to be 2. We refer to [3, Proposition 11] for an enumeration of all the possibilities for k = 2. Corollary 2.8. Letρ be subject to the conditions enumerated in Theorem 1.1 andÑ p the tangent space to the full adjoint ordinary deformation condition at p as in Definition 2.4. We have that
Highly Versal Deformations at Trivial Primes
In this section we outline the deformation conditions at the primes which will constitute the auxiliary primes. In [1] the authors introduce trivial primes and local deformation problems at these primes, these problems are of considerable interest since they are highly versal and the authors achieve their ends by exploiting their versality. We recall their definition 
which follows from Local duality and an application of the Euler Characteristic formula. In the same way, the dimensions for the full adjoint cohomology groups can be deduced and are listed below
To a trivial prime v we define a deformation condition C v . There is an associated space
) that preserves C v , in our particular context M v . There is a larger space
In taking the square root of v in the following definition we always choose a square root that is 1 mod p. Fix a basis with respect to whichρ is upper triangular. Let v be a trivial prime, ρ ↾Gv is tamely ramified. Let σ v be a choice of Frobenius at v and τ v a generator of the maximal pro-p tame inertia. The maximal pro-p extension of Q v is generated by σ v and τ v which are subject to a single relation
We define the deformation condition C v at v by specifying the values taken on the elements σ v and τ v . These definitions make their first appearance in Sections 4 of [1] . Fix the basis B with respect to whichρ = ϕ * 0 1 .
Definition 3.3.
We proceed to prescribe deformation problems at trivial primes.
• Let D v be the class of deformations ofρ ↾Gv containing representatives taking
with respect to a basis lifting B and insist that p 2 divides x.
• We fix the determinant in our deformations to equalφχ
whereφ is the Teichmüller lift of ϕ.
• We separate D v into two cases, first those that are ramified modulo p • We letD v be the deformations obtained as unramified central twists of those in D v . In other words, deformations D v are those with a representative taking
The deformation problem D v is in fact highly versal. We proceed to describe a pair of spaces 
3 ). The strategy employed in [1] involves showing thatρ may be lifted to a mod p 3 representation satisfying all the prescribed local conditions at the primes in S and conditions C v at a finite set of auxiliary trivial primes v at which it is ramified modulo p 2 . The basic strategy for achieving this is an adaptation of the method of Khare, Larsen and Ramakrishna [2] .
For the purpose of lifting beyond mod p 3 , the local deformation condition at an auxiliary trivial prime is stabilized by larger space N v , this is the balanced setting. The problem of lifting the mod p 3 representation to characteristic zero one step at a time can be achieved if the corresponding dual Selmer group can be shown to vanish with the introduction of finitely many additional auxiliary primes. This is achieved with trivial primes at which the local deformation is unramified modulo p
2
. For further details we refer to [1] . We proceed to recall the description of these cohomology classes. 
Definition 3.4. Set
Proof. Let k ≥ 2 and ̺ k ∈ C v (R/n k+1 ) and let pr ∈ n k . Since k ≥ 2 the assumption p / ∈ m 2 implies that p / ∈ n k and consequently, r ∈ m. Let
It is easy to see that pn k ⊆ n k+1 . Since v is 1 mod p and x ∈ m,
, we have that
is a unit. Since the element x is divisible by p ∈ n k+1 and as a consequence,
Next consider deformations for which p 2 does not divide y. The conclusion of 3.1 remains unchanged as g ram (σ v ) = g nr (σ v ). We observe that
(unlike in the case for which p 2 divides y this matrix need not be unipotent). The case for f 1 and f 2 follows similarly. Definition 3.7. For v = p in S and the auxiliary primes, the full adjoint deformation conditionC v is obtained from C v on including all unramified twists of the central character. The associated unmodified tangent spaceM v is defined bỹ
and the amplified tangent space is
We summarize the discussion on local deformation conditions so far.
Remark 3.8. The fixed weight Selmer conditions {N v } have the following dimensions
An application of Wiles' formula yields
Remark 3.9. The dimension of the local tangent spaces at p for the full-adjoint deformation problems are as follows,
A Purely Galois Theoretic Lifting Construction
In this section we prove a variation of a standard result in deformation theory in a setting in which local deformation problems are highly versal as described in the last section. The situation here is based on that of a reducible representation to GL 2 (F q ) but it generalizes just as well for higher dimensional groups. In this section
will denote a Galois representation with
Suppose that there is an irreducible deformation of̺
which lifts to
For our application toρ, we recall that the main result of [1] shows thatρ may be lifted to an irreducible geometric Galois representation. They do this by liftingρ to a mod p 2 representation ρ 2 which is irreducible, which lifts all the way to characteristic zero. Furthermore, the representation ρ 2 satisfies a set of prescribed local conditions. We refer to [1, Proposition 42] for further details.
In this section we also assume that ̺ 2 satisfies the local deformation we shall prescribe, this follows from the construction of the deformation in [1] .
The set of primes Z is finite and contains p and for v ∈ Z,C v is a liftable deformation problem attached to v. We also assume that there is a finite set of auxiliary primes X disjoint from Z such that each v ∈ X is equipped with a liftable deformation problemC v and a pair of tangent spacesM
which will satisfy a certain condition which we will now proceed to describe. We let Φ denote the set of liftable deformation problems
We need a few more definitions.
Definition 4.1. In this section we will let Def * Φ be the subfunctor of Def Φ consisting of deformations of̺ w.r.t. ̺ 2 defined just as in 1.1.
Definition 4.2. A ring R ∈ C
f with maximal ideal m R is endowed with a decreasing chain of ideals {n k } k≥1 defined by n k := pR ∩ m k R . In dealing with more than one ring R we will use n k (R) instead of n k .
Definition 4.3. Let R ∈ C
f have maximal ideal m R and let J an ideal in R. The map of coefficient rings R → R/J is said to be nearly small m R J = 0. It is said to be small if it is nearly small and if J is principal.
Remark 4.4. We observe that a Noetherian coefficient ring equipped with a decreasing chain of ideals as in Definition 4.2,
(1) n 1 = pR and that n k /n k+1 is an R/m ≃ F q vector space.
(2) If R is a power series ring R = W (F q )[|U 1 , . . . , U s |] and k ≥ 1, the quotient n k /n k+1 is an F q vector space with basis representatives
(3) Since R is assumed to be noetherian coefficient ring the ideal n k is finitely generated and as a consequence n k /n k+1 is finite dimensional.
the structure map that realizes R/n 3 R as a W (F q ) algebra
is a map of coefficient rings. Since p 3 ∈ n 3 , this map factors through
Likewise, the structure map induces an inclusion in C f β R : W (F q )/p ֒→ R/n 1 and the following square commutes
Fact 4.6. Let R → R/J be nearly small and v ∈ Z ∪ X. The exponential map of a pure tensor
Definition 4.7. Every prime v ∈ Z ∪ X is endowed with a pair of spacesM
• For v ∈ Z the spacesM v andÑ v are equal and identified with the tangent space of
The following Proposition is the main result of this section, we consider an general representation̺ : G Q → GL 2 (F q ) as considered in this section and some local deformation conditions. Before commencing with the proof, let us briefly outline the strategy. The maximal ideal of R is denoted by m. Observe that m = (p, U 1 , . . . , U s ) and that p / ∈ m 2 and consequently, R ∈ C f . The first step of the proof involves producing an appropriately chosen deformation of̺ to̺ ∈ Def * Φ (R) as indicated below.
GL 2 (R)
The choice of this deformation will be canonical and for the second step we will show that does satisfy the universal property. On identifying R/m with W (F q )/p we describe a specially chosen lift ̺
of̺. The map defined in 4.5
and is compatible with the inclusion R/m
In other words, the following diagram commutes
and allows us to view ̺ ′ 3 : G Q,Z∪X → GL 2 (R/n 3 ) as a deformation of̺ : G Q,Z∪X → GL 2 (R/n 1 ). We modify the deformation ̺ ′ 3 to ̺ by twisting it by a suitable global cohomology class. The assumptions on̺ and Φ will ensure that there are appropriate global cohomology classes so that we may successively lift̺ to̺ through a sequence of steps
The maps R/n k → R/n k−1 are nearly small and consequently,
Adopting the Ramakrishna method, we remove global obstructions to lifting τ k to Def * Φ (R/n k+1 ) by twisting it by a suitably chosen cohomology class β (k) .
Proof. From the duality of X groups we arrive at
, Ad̺ * ) = 0 on invoking the Poitou-Tate sequence we arrive at the short exact sequence
and therefore, by the surjectivity of
N v we modify π 3 (see 4.3) by a global cohomology class
is locally liftable and hence globally liftable deformation of ̺ 2 which we denote by
We view ̺ ′ 3 as a representation ̺ ′ 3 : G Q,Z∪X → GL 2 (R/n 3 ) on pushing it forward by the map γ R defined in 4.5.
We further modify ̺ ′ 3 by a class α ∈ H 1 N (G Q,Z∪X , Ad̺) ⊗ Fq n 2 /n 3 , this will in effect be required in showing that the deformation thus constructed represents Def * Φ . Pick a basis
Let the element α be chosen as
and let ̺ 3 be the deformation class of the twist
. We have that ̺ 3↾G v ∈C v for all v ∈ Z ∪ X and consequently lifts to
Once again as we have done previously we may repeat the process and adjust τ 4 by a cohomology class to get a deformation ̺ 4 which is liftable.
For the inductive step, suppose that for k ≥ 5 we produce a deformation
of ̺ 4 for which ̺ k−1 ↾Gv ∈C v for all v ∈ Z ∪ X and let
be a deformation of ̺ k−1 that gives rise to a tuple of classes
From the surjectivity of the Selmer map we deduce that this tuple lies in the image of an element
The twist ̺ k = exp(β (k) )τ k is locally liftable as ̺ k↾G v ∈C v for all v ∈ Z ∪ X and hence globally liftable as X 2 Z∪X (G Z∪X , Ad̺) = 0. Proceeding by induction we deduce that there are a compatible system of deformations {̺ k } k≥3 , the passage to the inverse limit of which yields a deformation̺ : G Q,Z → GL 2 (R) for which̺ ↾Gv ∈ C v at all v ∈ Z ∪ X and by construction,̺ equal̺ modulo p and consequently,̺ ∈ Def * Φ (R). We show that̺ represents Def * Φ . Let σ ∈ Def * Φ (S) and let m S denote the maximal ideal of S and for k ≥ 1
be the homomorphism in C f for which f 0 (U i ) = 0 for i = 1, . . . , s and let
be the composite ϕ 3 := γ S • f 3 (see 4.5 for the definition of γ S ). We successively modify ϕ 3 to a map ϕ : R → S such that σ =̺ * (ϕ)
however the ϕ k−1 is not necessarily ϕ k modulo n k−1 (S), i.e, 4.5 does not necessarily commute. The choice of ϕ need not be unique and the deformation̺ is only versal. Being a formal power ring, R satisfies the infinitesimal lifting property, and consequently, ϕ k−1 lifts to g k : R → S/n k (S). Let
be the push-forward of̺ by g * k , that is, µ k :=̺ * (g k ). Both σ k and µ k are deformations of σ k−1 in Def * Φ (S/n k (S)). There is a class
/n k (S) (the choice of the H i are not unique). Since S ∈ C f , we note that H i is in the maximal ideal of S. Let ϕ k : R → S/n k (S) be the W (F q )-algebra map which takes U i → G i + H i for i = 1, . . . , s. Since the H i ∈ m S , we deduce that this is a map in C f . We will now show that the effect of replacing g k by ϕ k is that µ k = g * k (̺) gets replaced by σ k = exp(γ)µ k . As the ring S is Artinian, there is a finite stage after which the ideal n N (S) = 0 and hence the inductive argument will conclude the proof.
Recall from the construction of̺ that It is easy to see that since pH i ∈ n k−1 (S), we have that pH i G ∈ n k (S) for any G ∈ m S . Consequently, an application of the binomial theorem yields that for a monomial . From the relation, 4.6 we deduce that as a function to 2 × 2 matrices M 2 (S/n k (S))
evaluates to̺
and consequently̺ * (ϕ k ) = µ k + γ̺ = exp(γ)µ k = σ k . This completes the induction step. The conditions required byρ coincide with those in [1] in which it is shown (see ) that there is a choice of a finite set of trivial primes X for which the trace zero adjoint dual Selmer group H is represented a sum of f = f 1 + f 2 where
and f 2 ∈ H 1 (G Q,Z∪X , Ad 0ρ * ).
We observe that f 2 ∈ H From an application of inflation-restriction we have that
We conclude that the unramified class f 1 = 0 and as a consequence, f = f 1 + f 2 = 0. The set of primes X are chosen in [1] such that the group The statement of Theorem 1.1 follow from the conclusion of Proposition 4.8.
